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ABSTRACT

Quantum graphs are graphical networks comprised of edges supporting Hamiltonian dynamics and vertices con-
serving probability flux. Lateral confinement of particle motion on every edge results in a quasi one-dimensional
quantum-confined system for which nonlinear optical effects may be calculated. Our ongoing research program
is the first to investigate the nonlinear optical properties of quantum graphs. We seek to discover configurations
with intrinsic first and second hyperpolarizabilities approaching their respective fundamental limits, to explore
the NLO variation with the geometry and topology of the graphs, and to develop scaling laws for more complex
graphs with self-similar properties. This paper describes a new methodology for calculating the hyperpolarizabil-
ities of a class of graphs comprised of sequentially-connected edges. Such graphs include closed-loop topologies
and their geometrically-similar but topologically-different open loop cousins, as well as other bent wire graphs
and their combinations.
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1. INTRODUCTION

Quantum graphs have emerged as physical models of chaotic dynamical systems over the past two decades.™?
Exact solutions for energy spectra have been developed and include closed-form periodic orbit expansions of the
spectra for both bare and scaling graphs.>” Nearly all studies of physical quantum graphs treat the electron
motion on the graph as tightly confined in the lateral dimension of the edges comprising the graph. As such, these
graphs would seem to be candidates for studying the enhancement of nonlinear optical effects in one-dimensional
systems due to both confinement and the variety of geometries and topologies available in a graphical network
model.

The physics of confinement, and the topological and geometrical properties of the graph are embodied in the
transition moments 7;;, from which the hyperpolarizability tensors, 3;;x (first) and ~;;x; (second) are computed.
The transition moments are calculable from the eigenstates and energy spectra of the graph. This work was
initiated by our group in 2011,% and expanded this year to include loops, stars, and combinations of these.? Out
of necessity, we invented a new lexicography of quantum states on graphs that enables calculations on arbitrary
graphs and describes how to handle unions of solutions on edges to produce eigenstates of graphs and use them
in quantum computations for graphs.

The work in this paper describes a new method for computing the nonlinear optical properties of graphs
comprised of sequentially-connected edges. This simple formalism is easily applied to bent wires and loops, and
should prove most useful for investigations of the mode structure of graphs with hyperpolarizabilities near their
fundamental limits.'® We apply the method to the specific example of a three-sided closed loop to illustrate the
way in which the calculations are executed so the methods may gain wide use.
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Figure 1. A sequentially-connected quantum graph. Each edge supports wavefunctions that solve the Hamiltonian of the
graph with the same eigenvalues. The eigenfunctions of the graph are unions of the edge states, ¢y, (s:, 7).

2. NONLINEAR OPTICS OF QUANTUM GRAPHS

A quantum graph is comprised of edges (wires), each of which supports particle dynamics governed by the same
Hamiltonian. The graph has a set of eigenstates and an energy spectrum that is also the spectrum of eigenvalues
of the Hamiltonian on each edge. Edge solutions are not a complete set of eigenstates of the Hamiltonian,
however, as they are matched at the vertices of the graph to edge states from other edges to maintain continuity
and flux conservation at vertices. The union of the wavefunctions on each edge of the graph is an eigenstate,
however, because the value of the wavefunction of the particle on any specific edge is exactly equal to the union
evaluated on that edge. Figure 1 illustrates the sequentially-connected graphs that are the subjects of this paper.

The nonlinear optical properties of the graph are determined by the hyperpolarizabity tensors. These may be
calculated from the transition moments, which are in turn calculated using the eigenstates and energy spectra.
The symmetries of the graph control the geometric and topological features of the hyperpolarizabilites. Here, we
describe a general method to solve for the hyperpolarizabilities of these graphs. We use a single-electron model,
off-resonance, and confine its motion to the longitudinal direction s along the wires.® 19

2.1 Matrix elements for sequentially-connected quantum graphs

We introduce a general method for computing the transition moments of a graph with E edges using a set of
eigenstates 1, (s), where s is measured along the graph from a convenient origin, the lengths of the edges of the
graph are L,, and the angles each edge makes with an x-axis in the lab are denoted by 6,,.

The eigenfunctions 1, (s) are unions over the graph of the edge functions ¢ (s;) in the sense that they are
equal to the edge functions on edge ¢ when the particle is considered to be on that edge. Since the edge functions
are matched in magnitude and flux at the vertices, the particle on the graph in Fig 1 doesn’t know anything
about edges (as we assume the transitions from one edge to the next are continuous at the vertices). From its
viewpoint, its dynamics is described a continuous wavefunction, the eigenfunction of the graph. To illustrate
how to exploit this observation, write x,., as a sum of the moments calculated on each edge, using the value of
the xz-projection on the specific edge, accumulated from the origin:

E
B =3 [ o a(51)67 4 (51)6 (50 1)
k=1"F
where the sum is a real sum, not a union, of the integrals taken on each edge of the value of x on that edge times

the product of the two wavefunctions on that edge. Since the graph is sequentially-connected, each integral in
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Eqn (1) begins at a lower limit where the previous integral has its upper limit. Consequently, we may leverage
this feature by writing the transition moments in terms of the value of the eigenfunction on that edge using a
continuous integral:

R
Tom = / ds ()% (5)n(s) 2)

where R is the total length and z(s) is the x-position of the particle as it moves through the loop. The value
of z(s) to be used in this equation is given by its value at each location spanned by the integral. We may write

this as
k—1 k—1
z(s) = ZLpCOS9p+ (5— ZLP> cos Oy,. (3)
p=1 p=1

where again we emphasize that this expression has meaning in Eqn (2) when its index k is the same as the
interval in the integrand that spans the kth segment. The transition moments are then given as

E

Tom = ZcosGkJnm(ak,bk) (4)
k=1

E [k-1
+ (Z L, (cosB, — cos Gk)> Im(ag, by)

k=2 \p=1

where

k—1 k
ar = Lp, bp=> Ly (5)
p=1 p=1

and the mode overlap integrals are
b
Tanla,t) = [ ds w5, (s)n(s) (©)
b

Jum(a,b) = / 5 ds ¥ (5)0n(s).
a

The formulation in Eqn (4) clearly shows that the geometry of the quantum graph controls the x,,,, through the
angular factors describing the graph, while the characteristics of the graph that set the boundary conditions and
thus determine the eigenstates control the x,,, through the integrals in Eqn (6). For a given graph, the angles
are fixed but the basis states may be any specific set of orthonormal states that solve the graph. The result will
be that the x,,, are basis-state dependent. However, the physical quantities are invariant to a change of basis
states.

A convenient feature of this approach is that it is straightforward to compute the matrix elements 4,,,, which
are defined as

R
o = [ ds 405,510 (5) 7)
0
where y(s) is obtained from Eqn. 4 by replacing cos 8, with siné,. This leads to an expression for y,,, that is
identical in form to Eqn. (4) but with the sine of the angles instead of the cosine.

To sum up, the graph is specified by its vertices and the Hamiltonian operating on the edges connecting the
vertices in a prescribed way. For a sequentially-connected graph, the edges are joined end-to-end. The edge
wavefunctions may be found up to a multiplicative complex constant by solving the appropriate wave equation.
Continuity and flux conservation at the vertices produces a union of edges which may be written as a single,
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continuous function of s, subject to the proper interpretation of what it means to be on an edge k. For a general
graph, the matrix of equations relating edge amplitudes has a nontrivial solution for energies satisfying the
secular equation of the matrix. For sequential graphs, the energy spectrum is easier to obtain and follows from
the specific boundary conditions imposed at the ends of the graph. For loops, the wavefunction must repeat after
each loop, so the wave numbers are 27n/R, with n = 0, +1, £2.... For terminal ends, the potential is assigned an
infinite value, and the wavefunction must vanish. This sets the energy spectrum at positive integer multiples of
7m/R. Other potentials may be selected to generate interesting boundary conditions and spectra. The eigenstates
of the graph, expressed as a union of edge states calculated in this way are orthogonal and may be normalized
in the usual way. The graph is considered solved when the eigenstates and energies are in hand.

2.2 Hyperpolarizability tensors

The nonlinear optical properties of the quantum graph system are described by the first and second hyperpo-
larizability tensors B;;r and v;jx, and are a sum over states (SOS) of products of the transition moments of the
graph. We work with tensors normalized to their maximum allowable values from the theory of fundamental

limits.10 These are:
3
eh N3/2
Bmaz - 31/4 VR 72 (8)
7o) 57

VAN
Normalizing the hyperpolarizability this way ensures that the size of the system is scaled out of the calculation,

making it simple to compare results among different graphs based solely on shape and configuration.

For this investigation, we need the off-resonance expressions for the hyperpolarizability tensors, which are
provided in many sources, eg, Ref.1?

rpd 7l pk

_ 3 Oon'nm' m0

ﬁz‘jk = —.5¢ Pz‘jk E ﬁ’ (9)
n.m n0Lm0

where the sum is over all modes except for the ground state, and 7pm = Tnm — r000nm, and Pjj, permutes all
the indices in the expression. The SOS expression for 7;,; is

i o= mk gl i .0 2kl
it = (1/6)Pija "TonThmTmiTl0 Z’ T0n"n0"0m mo (10)
17 — 1) 2

EnoEmoEip E:0Emo

n,m,l

where the permutation operator again permutes all indices.

For both of these expressions, the transition moments r;; are computed in an appropriate orthonormal basis
set for the graph, with the integrations taken along the path of the graph with r(s) defined by the (cumulative)
projection of s onto the & — axis (r=x) or the y — axis (r=y). Eqn (4) allows direct calculation of ., and ym,
and consequently, the hyperpolarizabilities may be directly computed by Eqns (9) and (10).

Far from resonance, the hyperpolarizability tensor 3,1 is a fully symmetric, third rank tensor with four inde-
pendent Cartesian components. Similarly, ;1 is a fully symmetric, fourth rank tensor and has five independent
Cartesian components.'! We will refer to the independent components for 3 as the set (Bzzzs Bzays Beyys Byyy)
and for v the set (Vagaw, Yoz, Yeoyys Yoyyy> Yyyyy) Where the components are measured in some specified ref-
erence frame and are related to those in another frame by a suitable transformation of the hyperpolarizability
tensors. The determination of the NLO properties of the graph is thus reduced to the calculation of the tensors
for graphs with a specific geometry for which states and spectra are known.
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It is common practice to refer to 3. by its largest value in the lab when the molecule (graph) has been rotated
to the optimum position. To find this position, we specify the graph, calculate the four nonzero components of
Bijk, and note that the value of 3., in the lab when the graph has been rotated through an angle 6 is given by

Bawx(0) = Brax cos® 0 + 3Bray cos® 0sinf + 3Bzyy cos sin? 6 + Byyy sin® 0 (11)

where the tensor components are directly calculable from their sum over states expansions using both z;; and
;5. The angle which maximizes the left hand side of Eqn (11 is then easily found. Similar remarks hold for ~,
with the expansion in the lab frame given by

Vezwz(0) = Vewza cos* 0 + I cos® Osinf + 6Yezyy cos? 0sin® 6 + 47y3yyy €OS 0 sin® 0 + Vyyyy sin 0 (12)

Though out of scope for the investigations in this paper, we note that a spherical tensor approach generally
provides the clearest understanding of the impact of symmetry on the nonlinear optical properties. Zyss et.al'?
and Joffre et. al'® discuss the molecular nonlinearities in multipolar media using irreducible, spherical repre-
sentations for £, an approach which provides insight into the shape-dependence of the first hyperpolarizability,
particularly with respect to certain symmetry groups. The transformation from a Cartesian to a spherical tensor
representation is straightforward!4 and is explored elsewhere for nonlinear optical graphs.?

We do wish to display the tensor norms, defined by

and

Trms = \/(’Y%wwa: + 4’7%1303; + Gvgxyy + 4711/?/?! + 757;1/1/) (14)
as these are invariant under all rotation group transformations of the hyperpolarizability tensors.

To summarize, we have shown how to use the transition moments x;; and y;; for a solved quantum graph
to calculate the first and second hyperpolarizability of the graph in order to determine the effect of shape and
topology on their magnitudes.® This approach provides guidance to both molecular designers of nonlinear optical
quantum-confined systems and to theorists seeking to discover structures with nonlinearities approaching the
fundamental limit.

3. QUANTUM LOOP EXAMPLES

We apply the computational method described in the previous sections to determine the hyperpolarizabilities
of E = 3 closed loop (triangle) graphs. The method is nearly identical to that required to solve the open
loop versions of the triangle graphs. It is worth noting that opening a vertex of a triangle graph even slightly
dramatically changes the states and energy spectra, even if the overall shape remains identical to the closed-
loop triangle. Bent wires that are wide open are substantially different than the partially closed ones, due to
geometrical effects. These are explored elsewhere.’

The edge wavefunctions ¢% (s) may be written as solutions to the free-particle Schrodinger equation. For a
sequentially-connected graph, continuity at the vertices is guaranteed of the wavefunctions accumulate a path-
dependent phase from one edge to the next, as previously illustrated. This means that we may construct
integrals of matrix elements of the graph as a quasi- continuous integral over s of a single function whose value
on a specific edge is that of the edge wavefunction when the particle is on that edge. A closed loop necessarily
has wave numbers k,, = 2rn/R with n = 0,+1, 42, ... in order to ensure that the physics is the same no matter
how many times the particle might traverse the closed loop. A simple set of eigenstates for the loop are the
counterpropagating traveling-wave eigenstates:

¢£W (s) = 1/\/§ exp(ikns), (15)
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for all modes n. The ground state is a singlet with zero energy and a constant wavefunction. All other states
are doubly degenerate. We emphasize again that Eqn (15) must be interpreted as an eigenfunction of the graph
whose value on an edge is equal to that edge’s wavefunction. With that in mind, we may freely work with the
eigenfunctions and explore standing wave and even mode-dependent combination states in order to investigate
the importance of specific states to the hyperpolarizabilities.

For example, we may construct a complete, orthonormal set of standing wave states as

YW (s) = \/2/Rsin(kys + ¢) (16)

where ¢ is a mixing angle for the circular function solutions to the free-particle wave equation. It is straight-
forward to show that these states may be obtained from the free-particle states if ¢ = w/4. This choice ensures
that the new basis is orthonormal.

An even richer family of mixed basis states is easily generated from the free-particle basis by superposing
degenerate modes with an arbitrary admixture component, ¢,, as follows:

Y (s) + i, 0T (s)

V(14062

It is straightforward to show that these states are orthonormal if §,, = §_,,. The transition moments x,,,, in this
basis may be expressed in terms of those for the TW basis for arbitrary d,,. The results in this family of basis
sets are identical to those in any other basis set. But the choice of §,, allows one to ’pick’ the most important
transitions for the nonlinear process on a mode-by-mode basis.

P (s) (17)

All of these states give equivalent results for the hyperpolarizabilities, as well in sum rules,® 516 despite each
set leading to different transition moments. For the triangle loops, Eqn. (2) for the transition moments with
basis states on the loop given by v, (s) becomes

Ly
Trm = / ds 21Dy (8)

0
Li+Lo>
+ / ds x2Dpm(s) (18)
Ly
Li+La+L3
+ / ds x3Dpm(s)
Li+L»

where Dy, = ¥75 (8)1),(s) and the z; are given by

xr1 = scosbq,
29 = Ljcosby + (s— Ly)cosbs (19)
23 = Ljcosf + Lycosby + (s — Ly — Ly) cosfs

Eqns. (18) and (19) combine to give the three-segment version of Eqn. (4):

Tpm = €0801Jpm (0, L1) + cosba gy (L1, L1 + Lo)

cos 03 Jym (L1 + Lo, Ly + Lo + L3)

Li(cosfy — cos 03) Ly (L1, L1 + Lo) (20)
[L1(cos By — cosf3) + La(cos by — cos b3)]

Iy (L1 + Lo, Ly + Lo + Lg)

X+ + +
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The loop can be fully characterized by its three vertices, as these determine the angles 6; each segment makes
with the x-axis.

At this point, we wish to emphasize that the expression in Eqn (20) applies to this graph even if a vertex
is opened, provided that the new eigenstates and energies are used to compute the mode overlap integrals. A
geometric clone of the closed loop graph but with one vertex open has the same angular dependence as the
closed-loop graph, but the different states and spectra result in a radically different set of hyperpolarizabilities.’
Topology, not geometry, appears to have the largest effect on the nonlinear optical responses of the graphs.

Returning to the calculation, once the eigenstates are selected, the mode overlap integrals are easily calculated
from Eqn (6) as

b
Lym(a,b) = /dsDnm(s) (21)

b
Inm(a,b) = /sdsDnm(s)

It is now straightforward to calculate the mode overlap integrals for the three sets of eigenstates displayed in
Eqns. (15), (16), and (17). For the traveling-wave eigenstates given in Eqn. (15), the product D,,, in the
integrands of Eqn. (21) may be written as

Dy = (1/R) exp(iky,, (s)) (22)
Here, we define kX = k,, £ k,,,. The mode overlap integrals are then given by
Iim(a,b) = (1/1k,,,,) [exp(ik,,,b) — exp(ik,,,a)] (23)
and
Jom(a,b) = (1/ik,,,) [bexp (thipyyb) — aexp(iky,,,a)]
(1/1kp) Tnm(a, b) (24)
For the standing-wave eigenstates given in Eqn. (16) with ¢ = 7/4, D,,,, may be written as
Dym = (1/R) [cos ks +sink;},,, 5] (25)

The mode overlap integrals are then given by
Lim(a,b) = [bsinc(ky,,b) — asinc(k,,,a)] (26)
—  [cos kb — cosk;l,al /K,

nm

Jum(a,b) = [b*sinc(ky,,b) — a®sinc(k;,,,a)] (27)
5 [b?sinc? (k,,,,b/2) — a*sinc® (ky,,a/2)]
+ lacosk,a—bcosk}!, b] /k}.,
+ [sink},b—sink],a] /(k],)?

where sinc(x) = sin(x)/z. Finally, for the mixed states in Eqn. (17), the transition moments may be expressed
in terms of those for the pure traveling-wave states, viz,

TW 4§, 0mxtW 44 ((5mxTKV — §pxtW )]

mized . [ —n—m n—m —nm

i V146211462,

(28)
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Figure 2. Bint and vint as functions of the aspect ratio of the triangle loops. The dark blue points are the isosceles-like
triangles.

The calculation of the hyperpolarizabilities using the mixed states in Eqn. (17) yields identical results to those
found in the counterpropagating and standing-wave eigenstates. However, one can tune the way the degenerate
modes mix to control how much of one over the other contributes to the transition moments. Note that the
relationship between 3 and the normalized dipole moment X = |z1¢|/|210|™%®, a metric for NLO response,'” is
basis-independent as long as the matrix element in X takes the form of a linear combination of the mixed states
(ly10/* + [y—10/*) where

Y10 (10 — 20,2 _10) (29)
yor = (o1 +10nTo-1)

y-10 = (2_10—10nT10)

Yo—1 = (Zo—1+0nTo1)

Figure 2 displays the magnitude of the intrinsic diagonal x components of the first hyperpolarizability (left)
and second hyperpolarizability (right) as a function of the aspect ratio of the triangle loops. The magnitude and
signs of these have been discussed elsewhere.” !> We note for completeness that the second hyperpolarizability
is always negative for a closed loop. Interestingly, opening a vertex increases the maximum f;,; by a factor of
about three while enabling positive 7;,; for a range of triangles.!®> For our purposes here, we emphasize that
these calculations were accomplished with each of the three sets of eigenstates described here, and as expected,
identical results were obtained for each. Future studies will discuss the variation in the modes when basis sets
are changed. The methods displayed in this paper should encourage the study of such variations by interested
researchers.

4. CONCLUSIONS

This paper presented a complete method for computing the hyperpolarizabilities of sequentially-connected quan-
tum graphs that is easily applied to any desired set of basis states and for any graph geometry or topology, so
long as the integration along the graph’s path from start to finish is continuous. It may be extended to graphs
with branches with a little care.
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