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ABSTRACT

We study the effect of geometry on the nonlinear response of a network of quantum wires that form loops. Ex-
ploiting the fact that a loop’s transition moment matrix and energies are exactly solvable for each wire segment,
they can be pieced together to determine the loop’s properties. A Monte Carlo method is used to sample the
configuration space of all possible geometries to determine the shape that optimizes the intrinsic hyperpolariz-
ability. We suggest that a combination of wire geometry and confinement effects can lead to artificial systems
with ultra-large nonlinear response, which can be potentially made using known nanofabrication techniques.
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1. INTRODUCTION

Nonlinear optical materials have extensive applications in many areas of science and technology including all-
optical switching,1 3-D photolithography,2 quantum information,3 optical data storage4 and photodynamic can-
cer therapies,5 to name a few. The study of these materials also provides insights with regards to the basic
science of the systems with large nonlinear optical response.6–9

While many studies have attempted to identify the nonlinear optical properties of specific materials (see for
example10–12), the theory of fundamental limits (FL) of the first and second hyperpolarizabilities has focused
on understanding the general characteristics of quantum models, for which the nonlinear optical response is
optimized.13 The theory’s fundamental assumption is called three-level ansatz and states that, when the hy-
perpolarizability of a quantum system is at its limit, only three quantum states contribute to the nonlinear
response.14,15 While this assumption has not been proven mathematically, it is supported by a large number of
experimental and numerical results. See Refs.16,17 for detailed discussion.

Sum rules also play a significant role in the theory of FL. As a powerful tool, sum rules relate the transition
moments between different energy eigenstates, xij , to the energy values, ei, through the following relation,

∞∑
n=0

(
En − Em + Ep

2

)
xmnxnp =

h̄2

2m
δmp (1)

where m and p are the energies of the eigenstates of the system, δmp is the Kronecker delta and m is electron’s
mass. It should be noted that all discrete and continuum states and/or degenerate and non-degenerate states
should be taken into account in sum over states in Eq. 1.18

Sum rules have widely been applied in the theory of FL. They were used to calculate the fundamental limit
of the first, βmax, and second hyperpolarizability, γmax, given by

βmax = 31/4
(
e3h̄3

m3/2

)
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E
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and

γmax = 4

(
e4h̄4

m2

)
N2

E5
10

(3)

respectively, to find a dipole-free sum over states expression for the nonlinear hyperpolarizabilities,19 and as a
constraint on energies and transition moments in Monte Carlo simulations of β16 and γ.17 In Eqs. 2 and 3, the
variables are, N , the number of electrons, and E10, the energy difference between the first excited state and the
ground state.

Originating from the fact that sum rules are direct consequences of quantum mechanics,20 they can be used
to verify the solution of the Schrödinger equation, whenever the corresponding Hamiltonian verifies the following
relation:

⟨m |[x, [H,x]]| p⟩ = h̄2

2m
δm,p (4)

where |m⟩ and |p⟩ are the Hamiltonian eigenstates. In an early work, Hadjimichael et al. showed that the
conventional picture of the rigid rotator, in which the rotator’s radius is assumed constant, does not comply with
sum rules.21 The authors then impose the uncertainty principle, use a highly weighted delta function potential
in the radial direction, and take into account the radial component of the wavefunction to verify sum rules.

In another work, a system of one-electron inside a one-dimensional quantum wire embedded in two-dimensional
space is investigated.22 A highly-weighted and attractive delta function potential of the form

V (τ) = −gδ(τ) (5)

is employed in transverse direction of the wire, denoted by τ . In this model, it is assumed that g → ∞, to
make sure that at the limit of full confinement, electron is tight to the wire. The authors use sum rules to verify
the solution of the Schrödinger equation for the particle inside a box of width a and in the presence of delta
function potential. then, sum rules are verified for the electron inside the quantum wire for both transverse and
longitudinal components. The authors show that at the limit of full confinement, the transverse component of
the wavefunction is vital to verify sum rules, however, it does not play a role in the nonlinear optical response
of the quantum wires.22

As one of the significant consequences of the theory of fundamental limits, it is shown that in ideal quantum
models with large hyperpolarizabilities, the energy states become farther apart with increasing the number of
states.23 For instance, for particle in the box model, which potentially can yield very large hyperpolarizabilities,
energy states are proportional to En ∝ n2. On the other hand, for Hydrogen atom-like systems, where En ∝ n−2,
the energy states become denser when n increases, leading to low values of the hyperpolarizabilities.

Figure 1 illustrates the distribution of intrinsic first hyperpolarizability, βint, for the two energy spectra
discussed above. βint, defined as

βint =
β

βmax
, (6)

is a scale-invariant quantity, and can be used to compare the hyperpolarizability of atoms and molecules with
different shapes and sizes.24 For each energy spectrum in Fig. 1, different colors correspond to different total
number of energy states involved in the simulations, i.e. n = 3, 4, 5, 20. The largest attainable βint for En ∝ n−2

is about 0.3 while the one for En ∝ n2 approaches the unity. According to Eq. 6 this implies that β for the
particle in a box-like systems can potentially approach the fundamental limit, βmax.

The different behavior of three-level model systems in Fig. 1 is also interesting. When more than 3 states
are involved in the simulation, βint peaks at zero and moving to the limit, the frequency of occurring 4+ states
decreases substantially. On the other hand, the large population of βint values when only three levels are involved
approach the limit. Vertical dashed lines represent the maximum attainable βint allowed by the theory of FL.
For detailed analysis read the Ref.23
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Figure 1. βint distribution for two energy spectra. Frequency refers to the number of times that a specific value of βint

appears in the simulation. Source: Ref.23

The known materials do not have the requirements imposed by the theory of FL in order to yield large
nonlinearities. Therefore people have turned their attention to artificial materials that can be synthesized in
laboratories and their properties can be manipulated. Quantum dots, where the particles are confined in three
dimensional space, e.g. inside a sphere, are the most well-known class of artificial materials.25 To feel the
confinement effects, the dimensions of the confining sphere should be comparable with the intrinsic length of the
confined particles.

Mentioning some early works, it was Frohlich that discussed how the size of metallic particles affects their
electronic conduction band.26 Kubo showed that the confinement affects the properties of fine particles such as
heat capacity, and paramagnetic susceptibility.27 Rice et al. estimated the size threshold where small particles
lose the bulk properties.28 To review the topic read references.29,30

In nonlinear optics, people are interested in the relation between the confinement effects and the nonlinear
optical response of these engineered materials. In a seminal work and based on the past experimental results
of Schmidt-Ott et al.,31 Jain and Lind32 and Yao et al.,33 Hache et al. assigned the second order nonlinearity
of the metallic particles to the electrons confined inside the particles and calculated that this nonlinearity is
proportional to a−3, where a is the radius of the metallic particles.34

Artificial materials provide excellent opportunities to test the consequences of the theory of FL. Consider a
single quantum wire. Such a system possesses the necessary requirement to achieve large nonlinear response:
the energy spectrum for particles moving inside this wire is similar to the particle in a box model. In fact we
are interested to use a network of such quantum wires, in order to form quantum graphs, and then show that
not only the confinement effects but geometry also plays a significant role in determining the nonlinear optical
response of the quantum graphs, providing a new opportunity to design materials with more efficient nonlinear
properties.

In the next section, we explain the quantum mechanics of nonlinear optical quantum graphs, and then show
that the effect of geometry can lead to nonlinearities that are larger than the nonlinear response of the best
chromophores.
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Figure 2. A typical quantum loop made out of 6 wire segments. Source: Ref.35

2. QUANTUM LOOPS AND THE EFFECT OF GEOMETRY

The quantum wires described in previous sections are used to form quantum graphs (Fig. 2). A highly weighted
delta potential at transverse direction of each wire segment helps to vanish the confinement effects on the optical
properties. The electron moves freely along the loop and at each node, i.e. when two wire segments connect,
electron smoothly moves from one segment to the other one. In this work we only consider the quantum loops
with periodic boundary conditions.

To ensure the viability of the results, we have developed a formalism for sum rules in 2-D, which is given by,

∞∑
n=−∞

∞∑
ν=−∞

(
Enν − Epκ + Eqλ

2

)
xpκ,nνxnν,qλ =

h̄2

2m
δpqδκλ. (7)

where Greek and Latin letters denote transverse and longitudinal components, respectively. Epκ = Ep + Eκ,
is sum of the energy of pth longitudinal and κth transversal states. The detailed analysis of the sum rules in
2-D has been discussed elsewhere.35 We calculate the transition moments and energies of the quantum loops,
and introduce them to the left-hand-side of Eq. 7. Table 1 presents the results for several randomly chosen
triangles, as simple quantum graphs. Taking into account a larger number of longitudinal and transverse states
in the numerical calculation reduces the uncertainty such that the final result for diagonal components, p = q
and κ = λ in Eq. 7, is exactly equal to h̄2/2m, and zero otherwise.

The next step is to employ the transition moments and energies to calculate βint values for different loops.
Two remarks needs to be made. First, the transition moments turn out to be a function of the orientation of
the graph, and consequently, the nonlinear optical response will depend on the geometry of the quantum loop.
Second, β is not a scale-invariant quantity and therefore, we use βint which was introduced in Eq. 6. It is given
by,

βint ≡ β

βmax
=

(
3

4

)3/4 ∑
n,m

′ ξ0nξnmξm0

enem
, (8)

where ξij and ei are normalized transition moments and energies, defined by

ξij =
xij

xmax
01

, ei =
Ei0

E10
, (9)

and

xmax
01 =

(
h̄2

2mE10

)1/2

. (10)
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Table 1. Verifying diagonal sum rules for different triangles as the simplest loops. The results in the sum rules column
should be multiplied by h̄2/m. Source: Ref.35

Triangle Coordinates Sum
(x0, y0, x1, y1, x2, y2) Rules
(23,-16,3,-19,24,-15) 0.496
(18,-7,21,1,-25,-20) 0.495
(-32,-21,-49,-42,-69,-88) 0.496
(3,-93,-13,36,35,20) 0.496
(-7,-16,-27,64,42,-23) 0.495
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Figure 3. Three different triangles, left, and 4-segment loops, right, that lead to largest βint. Source: Ref.35

xmax
01 represents the largest possible transition moment.

We use the Monte Carlo simulations to generate a distribution of βint values for thousands of triangles and
4-segment quantum loops. Figure 3 left illustrates the three triangles with the best intrinsic hyperpolarizabilities.
The largest attainable |βint| ≡ 0.05. However small, the geometry contribution to the nonlinear response, in
the absence of the confinement effects, is larger than βint for the best molecules known. On the other hand,
βint for 4-segment loops gets even better. The best values are about |βint| ≡ 0.073 and belongs to the quantum
loops represented in Fig. 3 right. It should be noted that the wire segments in 4-segment loop are assumed
non-interacting. The promising technological advances in the field of semiconductor nanowires will enable us to
design and fabricate of such quantum graphs in the near future,36 providing a great opportunity for the field of
nonlinear optical materials.

3. CONCLUSION

While the role of quantum confinement in enhancing the nonlinear response of quantum-confined systems has
been widely studied in the literature, no detailed study has ever addressed the role of other parameters like the
geometry or topology. In this paper we continued our effort to determine the effect of geometry on quantum
graphs for triangles and extended it to 4-segment loops. For a one-electron model in a quantum loop, we showed
that the intrinsic hyperpolarizability is a function of the orientation of every single wire segment with respect to
the coordinate axis. We used this fact and employed the numerical methods to find the best graphs with largest
hyperpolarizabilities. Future attempts will focus on more complicated graphs, as well as generalizing the model
to include many electrons.
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