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ABSTRACT

Spatially extended molecular structures, modeled as quantum graphs with one-dimensional electron dynamics,
exhibit optical responses that can approach the fundamental limits. We present the results of a comprehensive
study of the topological dependence of the nonlinearities of quantum graphs and show exactly how the first and
second hyperpolarizability of a graph depend upon its topological class and how the hyperpolarizability tensors
vary with graph geometry. We show how graphs with star motifs share universal scaling behavior near the
maximum nonlinear responses and articulate design rules for quantum-confined, quasi-one dimensional systems
that may be realized using molecular elements and nanowires.
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1. INTRODUCTION

The optimization of molecular structures to achieve large, intrinsic first and second hyperpolarizabilities is a
prelude to assembling highly active materials for applications in nonlinear optics. In 2012, we launched the first
comprehensive study of the nonlinear optical properties of quantum graphs in order to determine how electron
confinement to one dimension and variation in geometry of a variety of topological structures might enhance
the nonlinear optical response.1–4 Leveraging a one-dimensional model of a nonlinear optical quantum wire,5

we developed a standard approach for Monte Carlo calculations of the hyperpolarizabilities of quantum graphs
with arbitrary geometries for a given topology. We explored bent wire, closed and open loop, star, and more
exotic topologies and discovered structures with nonlinearities approaching the fundamental limits. This paper
summarizes our findings and discusses application to nanowires and assemblies.

Section 2 presents a concise summary of the analysis of nonlinear optical quantum graphs. Section 3 displays
the main results of the study of the topological dependence of the nonlinearities and their control through geom-
etry. Section 4 suggests physical systems that should be realizable. In the interest of brevity, each section relies
heavily upon results and methods described in the literature. The reader is strongly encouraged to investigate
the key references.

2. STANDARD MODEL OF NONLINEAR OPTICAL QUANTUM GRAPHS

A quantum graph is a network of metric edges connected at vertices, supporting particle dynamics with flux-
conserving boundary conditions. The one-electron quantum graph is a well-studied, exactly solvable model of
quantum chaos when motion is confined to the direction along the edges.6–10 The electron on the graph is tightly
bound in the transverse direction, yielding a quasi one-dimensional dynamical system. When coupled to optical
fields, the quantum graph is a model of 1D nonlinear optical molecular structures exhibiting rich topological and
geometrical properties.
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Figure 1. Quantum graph, showing the notation for the edges and vertices.

The dynamics of an electron on a single quantum wire in the limit of zero transverse dimension are described
by a self-adjoint Hamiltonian with a complete set of eigenstates and energies.11 The nonlinear optical hyperpo-
larizabilities of a single wire depend only on motion along the wire and are calculable using conventional sum
over states methods.1 The transition moments and energies satisfy the Thomas-Reiche-Kuhn (TRK) sum rules,
which contain longitudinal sums as well as residual transverse contributions.12

Quantum graphs have several desirable properties for exploration as model nonlinear optical systems with
potentially large hyperpolarizabilities. Their energy spectra are similar to those that maximize the hyperpolar-
izabilities in Monte Carlo studies of spectral effects on nonlinear response.12 The confinement of particle motion
to a single dimension models quantum confined systems for which larger nonlinear optical response is expected.
Finally, the connections among the edges, and the sheer number of planar configurations of edges with respect
to one another, provide an enormous space of possible shapes for a given topology, as well as a large number of
topologies for study.

A typical quantum graph is shown in Fig 1, using the notation of our prior publications.1–3 The transverse
dimension τ is effectively removed from the one-dimensional problem via a limiting process.5 The assembly of
graphs from quantum wires is mathematically realized as a direct sum of Hilbert subspaces, one each for each
wire, where the Hamiltonian is identical on each wire, as are the eigenvalues, but the edge functions differ. The
full eigenstates of a graph such as that shown in Fig 1, are unions of the edge states:1

ψn(s) = ∪E
i=1ϕ

i
n(si) (1)

The edge functions for an edge connecting a vertex with amplitude An to vertex with amplitude Bn may be
written in a canonical form that automatically matches (nonzero) amplitudes at each internal vertex:

ϕin(si) =
A

(i)
n sin kn(ai − si) +B

(i)
n sin knsi

sin knai
(2)

At each vertex, the edge functions match in amplitude, and their derivatives sum to a net flux of zero into or
out of a vertex. Terminated ends are modeled as infinite potentials, where edge functions vanish. The collection
of boundary conditions, taken together, provide a set of simultaneous equations whose solution demands that
the determinant of the coefficients vanishes. This produces a transcendental characteristic (secular) equation
that provides the eigenvalues for the graph. The coefficients of the edge functions are then extracted and used
to construct the eigenstates through the union operation. The eigenstates are then normalized, and the set of
states and energies may be used to compute the nonlinear optical properties of the graph.



The transition moments for the graph are calculated using the full eigenstates and are sums over edges of the
moments of the edge coordinate times an angular factor describing the geometric position of the edge relative to
an external axis used to define the vertices of the graph:

xnm =
E∑
i=1

∫ ai

0

ϕ∗in (si)ϕ
i
m(si) x(si)dsi (3)

where ϕim(si) are the normalized edge wave functions given in Eqn 2. Here, x(si) is the x-component of si,
measured from the origin of the graph (and not of the edge), and is a function of the prior edge lengths and
angles. With edge wave functions of the form of Eqn (2), the computation of the transition moments requires
integrals of products of sines and cosines with either s or 1, all of which are calculable in closed form. Detailed
examples for loops, wires, and stars are available in the literature from our prior work.1–3

The vast space of configurations of quantum graphs is best simulated in a Monte Carlo calculation. In a typical
simulation, a large set of random vertices is selected, and the connections among them are fixed and reflect the
topology of the graph, such as a wire, loop or a star. The eigenvalues of the graphs satisfy the same characteristic
equation that depends solely on the edge lengths, while the transition moments depend on the angular positions
of the edges, as well as their lengths. For a fixed topology, the dependence of the hyperpolarizabilities upon the
geometry of the graph is reflected by the positions of the edges.

The sets of spectra and transition moments for an ensemble of quantum graphs with identical topology are
used in the MC calculation to compute an ensemble of hyperpolarizability tensors. Each tensor is normalized to
its extreme values as set by the theory of fundamental limits,13 thus providing scale-independent results:

βmax = 31/4
(

eh̄

m1/2

)3
N3/2

E
7/2
10

(4)

and

γmax = 4

(
e4h̄4

m2

)
N2

E5
10

. (5)

Our work focuses on off-resonance phenomena so that the first and second hyperpolarizability tensors are fully
symmetric in all indices and contain four and five independent components, respectively. Throughout this paper,
all tensor components of the hyperpolarizabilities are normalized by these maxima, ie,

γijkl →
γijkl
γmax

βijkl →
βijkl
βmax

. (6)

The second hyperpolarizability normalized this way has a largest negative value equal to −(1/4) of the maximum
value. Normalized to their extreme values, the first intrinsic hyperpolarizability tensor for 2D graphs may then
be written as

βijk ≡ β

βmax
=

(
3

4

)3/4 ∑
n,m

′ ξi0nξ̄
j
nmξ

k
m0

enem
, (7)

where ξinm and en are normalized transition moments and energies, defined by

ξinm =
rinm
rmax
01

, en =
En0

E10
, (8)

with ri=1 = x and ri=2 = y, and where

rmax
01 =

(
h̄2

2mE10

)1/2

. (9)



rmax
01 represents the largest possible transition moment value of r01. According to Eqn. (8), e0 = 0 and e1 = 1.
βijk is scale-invariant and can be used to compare molecules of different shapes and sizes. Similarly, the second
intrinsic hyperpolarizability tensor is given by

γijkl =
1

4

∑
n,m,l

′ ξi0nξ̄
j
nmξ̄

k
mlξ

l
l0

enemel
−
∑
n,m

′ ξi0nξ
j
n0ξ

j
0mξ

k
m0

e2nem

 .

(10)

The specification of a graph through its vertices, the calculation of its states and spectra, and the sampling of
large numbers of geometries to create ensembles of transition moments, energies, and hyperpolarizabilities, is a
Monte Carlo computation. The results of such a calculation are a set of tensors for a topological class of graphs
whose variability is solely determined by the geometrical properties of the graphs. Using the rotation properties
of the tensors, it is straightforward to identify the preferred diagonal orientation for any specified graph,3 the
one for which the hyperpolarizability along a specific axis is maximum. It is typical for βxxx and γxxxx to be
largest along different axes.2

A full contraction of all indices on either of the hyperpolarizability tensors creates an invariant under O(3)
rotations called the tensor norm. Tensor norms provide insight into the limiting response of a specific graph
topology for any of the realizable geometries. They are given by

|β| =
(
β2
xxx + 3β2

xxy + 3β2
xyy + β2

yyy

)1/2
(11)

and
|γ| =

(
γ2xxxx + 4γ2xxxy + 6γ2xxyy + 4γxyyy + γ2yyyy

)1/2
(12)

The use of tensors to extract the nonlinear optical response as a function of geometry and topology is most easily
achieved by transforming the Cartesian tensors to spherical tensors. The transformation from a Cartesian to a
spherical tensor representation is achieved using Clebsch-Gordon coefficients and has been extensively discussed
in the literature,14,15 as has their application.3,16 The third rank symmetric Cartesian tensor βijk may be written
as a sum of irreducible sets J = 1 and J = 3 of spherical tensors, while γijkl decomposes into a set of irreducible
spherical tensors transforming as J = 0, J = 2, and J = 4 representations of the angular momentum operators.
Explicit forms are provided elsewhere.3,14 The advantage to the designer of nonlinear molecular nanowires of a
spherical tensor decomposition is that it provides information about how the graph behaves under rotations, ie,
as a vector, an octupole, etc.

The computational scheme delineated in this section may be called the standard model of nonlinear optical
quantum graphs. It is straightforward to devise Monte Carlo simulations for any graph of interest. Our early
work focused on closed loops,1 open loops, edges, and stars,3 and complex combinations of elementary graphs,
or motifs.4 The next section reviews the results for the topological dependence of the hyperpolarizabilities and
their universal scaling properties.

3. RESULTS

Figure 2 displays the maximum βxxx and the range of γxxxx for closed loop, wire, and barbell topologies (lower
left in the figure) and graphs comprised of star vertices on the right side of the graph. The effect of topology
is profound, as every graph containing a star vertex has a first hyperpolarizability that is at least one half of
the fundamental limit from Monte Carlo simulations and over 2/3 of the limit from potential optimization. The
second hyperpolarizability has a much larger range, as well, and most significantly, graphs with stars can have
large, positive γxxxx, whereas closed loops never have positive γxxxx. The main conclusion from these results
is that structures exhibiting multiple pathways in space for electron motion will cause a much larger nonlinear
interaction with light than those whose electron motion is confined to a closed pathway or a single channel.
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Figure 2. Topological dependence of β and γ. The dashed vertical lines show the range of γxxxx.

A closer, fundamental examination of the role of topology on nonlinear response may be obtained by appealing
to the theory of fundamental limits,13,17,18 in which the maximum values of β and γ are described in two basic
model parameters related to the maximum transition moment and the ratio of the lowest energy differences.
Empirically, the model seems applicable to systems near optimization and may in fact have universal properties
for all graphs near their largest values.19 Though Monte Carlo simulations based solely on sum rules produce
the maximum values from this model,20 studies which optimize the shape of the potential energy function21–23

yield the largest possible nonlinear optical response of βxxx ≃ 0.71 for a large set of potentials, which universally
have the property that X = x01/x

max
01 ≃ 0.79 where xmax

01 is given by

xmax
01 =

(
h̄2

2mE10

)1/2

. (13)

It is an empirical fact that systems near their optimum configuration get their contributions mainly from only
three levels for β and at most four states for γ. In this three-level Ansatz, the normalized first hyperpolarizability
βint can be expressed as24

βint = f(E)G(X), (14)

where

f(E) = (1− E)3/2
(
E2 +

3

2
E + 1

)
, (15)

G(X) =
4
√
3X

√
3

2
(1−X4), (16)

and E = E10/E20. Optimized systems will have βxxx approaching f(E)G(X), whereas systems far from optimum
topology will show a gap between these values. Fig 3 provides a quantitative comparison of the potential
optimization results for a closed loop topology (barbell) and the same geometry when the two bells are opened
up (open barbell). This striking comparison reveals the impact of a change in topology on the scaling properties
of the nonlinearities of the graphs.
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Figure 3. Scaling of three-level model parameters X, E, and fG for the closed (left) and open (right) barbell graphs. Here,
ϵ is bin count, normalized to the total number of bins used in the moving average calculation.

4. CONCLUSIONS

We have reviewed our exact, quantitative analysis of the dependence of the nonlinear optics of quantum graphs
on their geometry and topology. The effects of the topology of geometrically similar graphs dominate those of
the geometry of topologically similar graphs. Topology largely determines the eigenstates and spectra, whereas
the geometry mainly affects the projections of the graph edges onto the x− y plane. Closed loop graphs always
have non-optimum β and negative γ, but opening a vertex immediately raises β by over a factor of three and
enables graphs with positive γ. Additional degrees of freedom enhance the nonlinearity of the graph, unless a
fundamental topological constraint is in place.
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